1. Introduction. The two-dimensional unitary space, U2, is a complex vector space of points (x, y) = (xi + 1x2, 3>i + ^y 2 Shephard (7) has introduced the notion of regular complex polygon as follows. Consider a configuration P consisting of points ("vertices") and lines ("edges") in U 2 . If the group of automorphisms of P is generated by two reflections, one, say S, which permutes cyclically the vertices on an edge and another, T, which permutes cyclically the edges at one of these vertices, then P is called a regular complex polygon. Now the finite groups in U 2 generated by 5 and T can be interpreted as finite groups of orthogonal transformations in fourdimensional Euclidean space, E4. These groups in E 4 have been enumerated by Seifert and Threlfall (6) , using the fact that each such group is homomorphic (either 2:1 or 1:1) to one of the finite groups of displacements in elliptic space of three dimensions enumerated by Goursat (5) . The purpose of this paper is to find the groups in Goursat's list corresponding to Shephard's groups.
In §2 we find quaternion transformations q' = aqb corresponding to the generators of Shephard's groups. In §3 these are used to associate groups 2 and 9î of Clifford translations to Shephard's groups. (This discussion closely follows that of (6).) In §4 Goursat's groups are described analogously, leading to the natural homomorphism between Shephard's groups and Goursat's described in §5. The results are tabulated, and summarized in the Theorem.
We write (H n and S for cyclic groups of order n and 1 respectively. 
These equations readily give the quaternion transformation 2.3 corresponding to a unitary matrix. For example, if
we get d\bz = a 2 5 3 = d\b± = a 2^4 = 0.
Since either d\ or a 2 is different from zero this implies Z> 3 = 64 = 0. Moreover,
and since
We choose the upper sign. Finally 2a 2 b\ = 2a 2 a>i = 2a 2 cos ir/n = sin 27r/w, which yields
Consequently the quaternion form of 7" is
In Table I at the end of this paper we list the groups of the regular complex polygons, writing pi[t]p 2 for the group of the polygon pi{t}p2 in the notation of (4, p. 80). The generators 5 and T are taken from (7) 3. The groups 8, 9?, I, r. If S~l is represented by q' = aqband Tbyq' = cqd we designate by S* the group generated by a and c, and by 9?* the group generated by b and d. These groups are either cyclic groups or binary polyhedral groups (2, JU, v) (1), and can thus be readily determined. We remark that in all cases 8* is cyclic.
We turn now to a more detailed discussion of Shephard's groups in terms of the groups 8* and 9?*. Let © be such a group. Then © is a group of transformations q' = aqb, a G 8*, b Ç 9Î*. But not every transformation of the given form is in the group, and furthermore there are certain redundancies. The latter occur because the transformation q' = aqb is identical to the transformation q' = (-a)q (-b) .
There are no other redundancies of this nature, for if aqb = cqd for all q then c~la = db~l is a real number, say s, so that c = as- 1 and d = sb. But Na = Nb = xVc = iVd = 1, so 5 = =b 1. We remove these redundancies by identifying the elements (a, b) and ( -a, -b) of 8* X 9Î*. (Observe that multiplication in 8* X $* is defined by (a, J) (c, d) = (ac, bd), which does indeed correspond to composition of the corres-ponding transformations since the commutativity in 8* implies ac = ca.) For finite groups of quaternions the only case in which this identification is trivial is if either 8* or 9î* is a cyclic group of odd order. For our groups this is never the case. Essentially we thus form (8* X 9Î*)/Ê2, whose elements are the classes {(a, b)\. We let 8 = {{(a, 1)} :a G 8*} and SR = {{(1,5)} : J 6 »*}.
The elements of 8 and 9? can be multiplied in the obvious manner:
{(a, 1)} {(1,6)} = {(a, 6)}. That is, |® | = J|8||r| = è|SR||I|. This gives |r| and |I| and consequently r and 1, since in all but two cases the normal subgroups of these orders are unique. We discuss these two cases separately.
If ® = 2[4R n even, we have 2 = e 2 », 9Î = (2, 2, n) and 1 = g n . In fact the 2n elements of 2 are exp swi/n, s = 1,2,..., 2n.
(Strictly speaking, these are the elements of 8*. But 2 = 8* and it is simpler to write =ba than {(=ba, 1)}. The same applies to 9? and 9Î*.) The 4n elements of 9? are exp siri/n and k exp swi/n, 5 = 1,2,..., 2w.
The possible choices of r, that is, of normal subgroups of index 2 in 9Î, are Ç£ 2 n with elements exp swi/n, s = 1,2,..., 2w, and (2, 2, w/2) with elements exp 2siri/n and k exp 2sTÎ/n, s = 1,2,... , n.
We know © contains the element T= {(exp wi/n, exp -iri/n)}. Since exp iri/n is not in I, but in the other coset of I in 2 we know exp -iri/n is not in r. But exp -wi/n is in S 2w . Therefore r = (2, 2, n/2). In the case of groups 2[n]2, n divisible by 4, where2 = Gu, 9î = (2, 2, w/2) and 1 = S2, it can be verified in a similar manner that r = S w and not (2, 2, »/4). For T = {(i, -i)} is in ® and i is not in 1. But -i is in (2, 2, w/4), so r = S n . (In this case the elements of 9î are exp 2s7rj/w and i exp 2sTr]/n, s = 1, 2, . . . , n.)
Conversely, given the groups 2, 9Î, 1, r from our list we can always determine @ uniquely. To show this we need only show that if distinct isomorphisms 3.1 are chosen, the groups @ arising from the corresponding pairings of cosets are isomorphic. In most cases 9?/r is Ê2 or ©, and there is thus only one isomorphism. However, there are cases where m/x = <2, 2, »>/<£,=* ©4 °r di/v = (2, 3, 3)/(2, 2, 2) ^ 6,.
There is only one non-trivial automorphism of 64, and it is induced by an automorphism a of (2, 2, n), namely by ab = (i)b( -i), where the elements b of (2, 2, n) are again exp S7ri/^ and k exp STTÎ/W, s = 1, 2, ... , 2w. This establishes an isomorphism between the two possible groups @ by the correspondence {(a, b)} : {(a, aZ>)}. Similarly, the only non-trivial automorphism of (2, 3, 3)/ (2, 2, 2) is induced by the automorphism of the group (2, 3, 3) whose elements are ±1, =bi, =bj, ±k, (±1 =b i db j =b k). That is, an isomorphism between the two groups obtained from the two possible pairings of cosets 2/1 with those of (2, 3, 3)/(2, 2, 2) is determined by the correspondence {(a, b)} : {(a, fib)}.
The relevant Goursat groups.
Goursat (5) has shown that the finite groups of motions in elliptic 3-space can all be obtained in an analogous fashion from pairings of corresponding cosets of isomorphic quotient groups of polyhedral or cyclic groups. Explicitly, consider a polyhedral or cyclic group 8' with a normal subgroup V and a polyhedral or cyclic group 9?' with a normal subgroup r' such that In all but one of the cases which concern us the quotient groups 4.1 are either fè 2 or 6. Consequently the given construction for ©' is unambiguous. In the remaining case, where 9t' = (2, 3, 3) and r' = (2, 2, 2), there are two distinct ways of pairing the cosets of %'/V with those of 9î'/r'. But these two pairings again lead to isomorphic groups, for there is an automorphism of (2, 3, 3) which induces the non-trivial automorphism of (2, 3, 3)/(2, 2, 2) as follows. Let (2, 3, 3) be the group of a regular tetrahedron, and let y be a rotation by angle T about a line joining the midpoints of opposite edges of a cube whose vertices are those of the tetrahedron and its dual. Then the transformation yby~l induces the non-trivial automorphism of (2,3, 3)/ (2,2,2). Consequently an isomorphism between the two possible pair groups is given by the correspondence (a, b) : (a, yby~l).
5.
The homomorphism from Shephard's groups to Goursat's. Let a group © of our list be given by 3.1. Consider the natural homomorphism from the cyclic or binary polyhedral group £ to the corresponding cyclic or polyhedral group 8' obtained by identifying the elements dta of £. Let a f be the image of =ha under this homomorphism. Similarly let b' be the image of zLb under the natural homomorphism of 9Î onto 9Î'. Clearly this induces a homomorphism from © onto some group ©' whose elements are of the form (a', b'). Thus ©' is one of Goursat's groups, for its elements are pairs from cyclic or polyhedral groups, and Goursat's list includes all such. We distinguish two cases, (i) The elements ±a are not in the same coset of I in ?, and the elements àzb are not in the same coset of r in 9Î. The only groups for which this occurs are 2[n]2, n odd, and 2 [4] n, n odd, that is, the groups for which Ï and r are cyclic groups of odd order, (ii) The elements dba are in the same coset of 1 in S and the elements zLb are in the same coset of r in 9Î. This is the situation for all other groups in our list. Now in case (i) the homomorphism described from © to ©' is actually an isomorphism. For the only elements of © whose images are 
#)
morphism taking ztb to b'. This determines the group r'. Order considerations alone determine the cyclic group V for which 2\V\ = |1|. The groups S, 9?, I, r appear in Table I . These tabulations then readily yield the Goursat groups in the form 4.1. Except for the cases 2 [4] w and 2\n\2 the results are summarized in the Theorem, for which the following notation is convenient:
Let pi[t]p2 be the group generated by reflections 5 _1 and T, having the defining relations 
